This paper presents the elastic buckling and static bending analysis of shear deformable functionally graded (FG) porous beams based on the Timoshenko beam theory. The elasticity moduli and mass density of porous composites are assumed to be graded in the thickness direction according to two different distribution patterns. The open-cell metal foam provides a typical mechanical feature for this study to determine the relationship between coefficients of density and porosity. The partial differential equation system governing the buckling and bending behavior of porous beams is derived based on the Hamilton's principle. The Ritz method is employed to obtain the critical buckling loads and transverse bending deflections, where the trial functions take the form of simple algebraic polynomials. Four different boundary conditions are considered in the paper. A parametric study is carried out to investigate the effects of porosity coefficient and slenderness ratio on the buckling and bending characteristics of porous beams. The influence of varying porosity distributions on the structural performance is highlighted to shed important insights into the porosity design to achieve improved buckling resistance and bending behavior.
Introduction
Structures made of functionally graded materials (FGMs) have attracted tremendous attention from research and engineering communities due to their unique advantages offered *Corresponding author. Tel.: 61-03-99256169; Fax: 61-03-99256108 E-mail address: j.yang@rmit.edu.au (J. Yang) 3 by smooth and continuously graded distribution of material composition along one or more directions. Numerous studies have been conducted on FGM beams, plates and shells in the past few decades. One of the latest developments in FGMs is structures with graded porosity which introduces pores into the microstructure to meet the desired structural performance by tailoring the local density of the structure. This represents an important opportunity in a wide range of engineering applications. For example, the graded metal foam offers unique potential for lightweight structures in aerospace, automotive and civil engineering [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . The excellent energy-absorbing capability of porous FGMs also makes them the perfect candidates for structures under dynamic or impact loading [13] [14] [15] . Despite of its practical importance, research in this emerging area is only at the beginning stage and is very limited with most of the previous studies devoted to the compression behavior [15] [16] [17] and energy dissipation performance [18] [19] [20] only.
The stability and bending behavior are important mechanical characteristics of FGM structures and have received increasing research attention. Yang et al. [21] studied the buckling and post-buckling performance of the shear deformable composite plate with initial geometric imperfection based on the higher order shear deformation theory. Liew et al. [22] investigated the thermal post-buckling behaviour of FG laminated plates with temperaturedependent material properties. Ke and Yang [23] analyzed the bending, buckling and free vibration of FGM annular microplates with the modified couple stress theory and Mindlin plate theory. Simsek and Yurtcu [24] used the nonlocal Timoshenko and Euler-Bernoulli beam theory to examine the analytical solutions for the static bending and buckling of a FG nanobeam.
Studies on the stability and bending behavior of porous FGM structures, especially for beams, are still limited in number. Magnucki and Stasiewicz [25] proposed an explicit solution for the critical buckling load of a compressed porous beam based on the broken-line hypothesis and the principle of stationarity for the total potential energy. Jasion and Magnucka-Blandzi [26] presented the analytical, numerical, and experimental studies of three-layered sandwich beams and circular plates with metal foam core to compare the values of critical buckling loads obtained by different methods. The effective design of a sandwich metal foam beam was conducted by Magnucka-Blandzi and Magnucki [27] to calculate the optimal dimensionless parameters, considering the mass and critical force of a simply supported beam simultaneously.
As for porous plates and shells, Magnucka-Blandzi [28] studied the dynamic stability for a circular porous plate to determine the critical loads. The influence of unstable regions for the Mathieu equation was described. She [29, 30] also examined the non-linear dynamic stability and axi-symmetrical deflection and buckling of circular porous plates. Belica and Magnucki [31, 32] investigated the dynamic stability of a porous cylindrical shell under different loading conditions and obtained the critical loads for a family of porous shells. In addition, the optimization analysis of porosity parameter for a porous-cellular shell is conducted by 4 Magnucki and Malinowski [33] to achieve the maximized critical load as well sticas the minimized mass.
As one of the pioneering studies on porous structures, Biot [34] proposed the poroelasticity theory by introducing the bulk dynamic and kinematic variables [35] . Based on this theory, Detournay and Cheng [36] expressed the stress-strain relationship for saturated porous structures, which was used by Jabbari and Mojahedin [35] to conduct the buckling analysis of thin circular FG plates made of saturated porous materials. The general equilibrium and stability equations were derived from the energy method and classical plate theory, associated with the method of calculus of variations. They [37] also presented the buckling analysis of soft ferromagnetic FG circular saturated porous plates in transverse magnetic fields. The thermal buckling behavior of FG thin circular plate made of saturated porous materials was analysed by Jabbari and Hashemitaheri [38] . The critical buckling temperature was discussed for different thermal distributions. Jabbari and Joubaneh [39] considered the porous circular plate integrated with piezoelectric actuator layers and obtained the buckling load of such a plate. Joubaneh and Mojahedin [40] further presented the thermal buckling analysis of porous circular plate bounded with piezoelectric sensor-actuator patches.
It should be noted that in the above-mentioned studies, only one specific porosity distribution was considered and no detailed discussion concerning the effects of different porosity parameters on the structural performance of porous beams was given. This paper focuses on the elastic buckling and bending performance of porous beams with two different porosity distributions. Timoshenko beam theory is employed to account for the effect of transverse shear deformation. The algebraic governing equation system is derived then solved by Ritz method. The critical buckling loads and static bending deflections for beams of two porosity distributions under different boundary conditions are presented with changing porosity coefficient and slenderness ratio. A detailed parametric study is carried out to highlight the influence of porosity parameters on the structural performance of porous beams.
Functionally graded porous beam
A FG porous Timoshenko beam of thickness h and length L with two different porosity distributions along the thickness direction is shown in Fig. 1a for porosity distribution 1 [25] and Fig. 1b for porosity distribution 2 [35] . This beam is depicted in a rectangular coordinate system with z-axis in the thickness direction and x-axis in the length direction. Due to the non-uniform porosity distribution, Young's modulus, shear modulus and mass density vary smoothly based on Eqs. (1a)-(1c) and Eqs. (2a)-(2c) corresponding to porosity distribution 1 and 2, respectively. As can be seen, both porosity distributions share the same maximum and minimum values of elasticity moduli and mass density. In distribution 1, the minimum values are on the midplane of the beam with the largest size and density of internal pores whereas the maximum values exist on the top and bottom surfaces which are equal to the values of homogeneous beams made of pure materials. While in distribution 2, elasticity moduli and mass density are the maximum on the top surface then generally decrease to the minimum values on the bottom surface. 
Porosity distribution 2: 
Theoretical formulation

Basic equations
According to Timoshenko beam theory, the following displacement field is used to include the effect of transverse shear strain which is assumed to be constant in the thickness direction.
where 0 u and 0 w denote the axial and transverse displacements of a point on the midplane of the beam, and 
Based on the Eqs. (5a)-(8b), the strain energy U of the porous beam can be expressed as
where the stiffness components are calculated by
where 5 / 6 k  is the shear correction factor. The work V done by external loads is written as
where 0 x N is the axial force along the beam length, Q and F are the transverse distributed load and point load applied at the top surface of the beam ( /2 zh  ), respectively, and ' x denotes the position of the point load.
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Based on the Hamilton's principle, the total energy of the porous beam is expressed in the dimensionless form as
Ritz method
The Ritz method is employed to obtain the critical buckling load and transverse bending deflection of the porous beam with hinged-hinged (H-H), clamped-clamped (C-C), clampedhinged (C-H), and clamped-free (C-F) end supports. The trial displacement functions for beams with different boundary conditions take the form of the following simple algebraic polynomials [43] .
H-H beam: 
C-H beam: the following algebraic governing equation system can be obtained
where d is the unknown coefficient vector,
K is the linear stiffness matrix, p V , q V and f V are the geometric stiffness matrices associated with buckling load P, distributed load q and point load f.
Solution procedure
Elastic buckling analysis
By neglecting the distributed load and point load, Eq. (21) reduces to a homogeneous equation system below from which the dimensionless buckling load cr P can be obtained as its lowest eigenvalue.
Static bending analysis
In the absence of the buckling load, the algebraic equation system below can be used to solve the static bending deflection of the porous beam under either a distributed load q or a point load f.
Numerical results
A parametric study is carried out with comprehensive numerical results presented in both tabular and graphical forms to investigate the influences of porosity coefficient and slenderness ratio on the buckling and bending characteristics of functionally graded porous beams under different boundary conditions. The material of the porous beam is assumed to be steel foam with 1 200 To simulate the graded distribution of elasticity moduli and mass density along the thickness direction, the beam is divided into a number of layers of same thickness. Table 2 Fig. 2 plots the dimensionless critical buckling load versus porosity coefficient curves for both porosity distributions. Results show that an increase in the porosity coefficient leads to the deceasing of critical buckling load, indicating that the internal pores decrease the effective stiffness of beams. It can also be seen that the varying porosity coefficient has a more remarkable effect on the stiffness of the beams with porosity distribution 2. Fig. 3 highlights the significant influence of slenderness ratio on the buckling characteristics of functionally graded porous beams. As expected, a beam with larger slenderness ratio has a smaller critical buckling load. Among the four boundary conditions considered, the C-C beam has the highest while the C-F beam has the lowest critical buckling load. 
Convergence and validation
Elastic buckling
Static bending
It is assumed in this section that the uniformly distributed load is Q = 1×10 4 N/m and the point load on the mid-span of the beam is 4 1 10 F  N, unless otherwise stated. Fig. 4 and Fig. 5 illustrate the effects of the porosity coefficient and slenderness ratio on the dimensionless maximum deflection of functionally graded porous beams under a uniformly distributed load. As can be observed, increasing the porosity coefficient and 14 slenderness ratio lead to larger deflections. It is evident that the beams with porosity distribution 1 have higher effective stiffness than beams with distribution 2. Among the three boundary conditions (C-C, C-H, H-H) considered in this figure, the deflection is the largest for the H-H beam whereas it is the smallest for the C-C beam. Similar results can be obtained when the beam is subjected to a point load at the mid-span of the beam, as shown in Fig. 6 and Fig. 7 , respectively. In what follows, the normal stress distribution is also given in dimensionless form as e  ) but changes nonlinearly for functionally graded beams. This is due to the nonlinear gradient in material properties caused by the non-uniform porosity distribution. For porosity distribution 1, a bigger porosity coefficient represents a larger pore size and higher internal pore intensity hence lower local stiffness around the midplane of the beam, which consequently leads to lower normal stress in this region and higher stress on both the top and bottom surfaces. The normal bending stress is symmetric about the mid-plane for porosity distribution 1 due to its symmetric pore distribution but is unsymmetric for porosity distribution 2 where the pore size gradually increases from the top surface to the bottom surface. As a result, the maximum normal bending stress which is on the top surface is much bigger than that at the bottom and the difference between them tends to be much bigger as 0 e increases. Fig. 9 presents the effect of slenderness ratio on the dimensionless normal bending stress. As expected, for both porosity distributions, a slender beam would have bigger normal bending stress due to its weaker bending stiffness and larger deflections.
It should be mentioned that the above observations on the normal bending stress, although for an H-H beam under a distributed load, are also valid for beams with other boundary and loading conditions which are not presented herein for brevity. 
Conclusions
The elastic buckling and static bending of FG porous beams with various boundary conditions and two different porosity distributions have been investigated. Theoretical formulations are within the framework of Timoshenko beam theory. Ritz method is employed to obtain the critical buckling load, transverse bending deflection, and normal bending stress. The effects of porosity coefficient and slenderness ratio on the critical buckling load, maximum deflection and associated stress distribution are discussed. Numerical results show that:
(1) An increase in the porosity coefficient and slenderness ratio leads to lower critical buckling loads of functionally graded porous beams; (2) The maximum deflections for the porous beams increase with an increase in the porosity coefficient and slenderness ratio; (3) The through-thickness normal stress distribution changes from linear to nonlinear with the increasing porosity coefficient, and varied more dramatically with the increasing slenderness ratio; (4) The porosity distribution has a significant influence on the buckling and static bending behaviour of the beam. Compared with the unsymmetric distribution pattern, the symmetric distribution offers better buckling capacity and improved bending resistance.
